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ON THE FLOW OF A COMPRESSIBIX FLUID BY THE HODOGRAPH METHOD 
DIFFERENTIAL EQUATION 
II4"DAMENTAL SET OF PARTICULAR FLOW SOLUTIONS OF THE CHAPLYGIN 
By I. E. GARRICK and C a a ~  k m  
SUMMARY 
The di#er& equation o f  Ciiuplygin's jet problem is 
ZLtilized to giae a sy&emdi.c dmelopmd of partimhr solutions 
o f  the hodographjlmo equations, which exfemk the treatment o f  
&plygin into the supersonic range and completes the set 
of particuhr s o l u i h .  
The parliculaf. solutions serve to place on a reasonable 
baais the we of velocity correction f o r m d m  for the comparison 
o f  incompressible and compressibleflows. It is shown that the 
gemlric-mean type of velocity correcCion form& ini.roduced 
in part I has signi_ficance MI an  mer-aU type of approxim&wn 
in the aubsmic range. 
A brief review of general c d i t i o m  lim3ing the potential 
;Raw of a n  adiabatic cmpressible$uid is given cvnd application 
is nude to the partimhr soluticna, yielding c d 3 h a f o r  the 
ezisknce of singulur loci in the supersonic range. 
The combining o f  particdur solutions in accordance wtth 
prescribed bwnduvjlw d 3 h  is not treated in thepresent 
paper. 
INTRODUCTION 
This paper presents a theoretical investigation that may 
be regarded ns a continuation of studies initiated in part I 
(reference 1). In part I an attempt was ma& to unify the 
results of Chaplygin, von Kftrmh and Tsien, Temple and 
Y m o o d ,  and Prandtl and Glauert insofar as their results 
were concerned with velocity and pressure correction factors 
for the correspondence of incompressible and compressible 
flows. In addition, two new velocity correction formulas 
were introduced that appeared to have a somewhat wider 
range of applicability than the formulas of the aforementioned 
authors. Most of the results of part I mere obtained with 
the use of two particular solutions of the hodograph equa- 
tions. These.two basic solutions correspond to a vortex 
and a source in a compressible fluid. 
It waa mentioned in part I that, in order to treat the 
exact boundary problem of uniform flow of a compressible 
fluid past a presckibed body, a general set of particular solu- 
tions of the hodograph equations had to be obtained. Such 
a study is given in the present paper, which incidentally 
helps to clarify the nature of the velocity correction factors 
of part I-in particular, the one referred to as t h e  "geometric- 
meanJ' type of approximation. In addition, many interesting 
types of flows are disclosed from a physical interpretation of 
the particular solutions. A few such solutions have already 
been obtained and discussed by Ringleb (reference 2). 
Several mathematical approaches exist by meam of which 
particular integrals of the hodograph equations may be ob- 
tained. Two such approaches, mentioned in part I, may 
be attributed to Chaplygin (reference 3) and Bera and 
Gelbart (reference 4) and are analogous to an exponential 
and to  a pomer-serie$ approach, respectively. Another 
method of defining particular integrals is the integral- 
operator method of Bergman (reference 6). In the present 
paper the differential equation, h t  used by Chaplygin in 
his treatment of jets (reference 3), provides the basis for the 
definition of a complete set of particular solutions. 
The scope of the present paper is limited chidly to a 
systematic study of the fundamental solutions and to the 
physical interpretation of some of the particular flows repre- 
sented by them. The combining of particular solutions to 
repreaent uniform flow past a prescribed body is not treated 
herein. It is believed, however, that the present study may 
sefve as a basis for further development and clarification of 
this importmt problem. 
SYMBOLS , 
rectangular coordinates in plane of flow 
magnitude of fluid velocity 
angle included by velocity vector and positive 
density of fluid 
pressure in fluid 
velocity of sound in fluid 
Mach number U a )  
quantities referred to stagnation point q=O 
velocity potential 
stream function 
ratio of spec& heats (approx. 1.4 for air) 
direction of x-&s 
p=- (approx. 612 for air) 
7-1 
2paO4 maximum fluid velocity (corresponding to 
7 dimensionless speed variable 
p = p  =a= 0)  
1 sonic value of T r -- approx. 116 for air ( '-2p+1' 7' 
For p>O (or l<r< m), the range of T is 0 6  71; 1. 
a07 
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GENERAL PARTICULAR SOL.UTIONS OF THE HODOGRAPH 
EQUATIONS 
HODOGBAPH EQUATIONS 
The linear equations in the hodograph variables 0 and p, 
which relate the velocity potential + and the stream func- 
tion $for the steady two-dimensional flow of a nonviscous 
compressible fluid, are 
in which, for the adiabatic equation of state betmeen pressure 
and density, 
Xl(d =; p 
and 
(See equations (21) and (25) of reference 1.) 
In the incompressible case -0, equations (1) can be 
expressed in the Cauchy-Riemann form. Particular solutions 
Q=++i$ can be expressed in this case as any analytic 
function of the complex variable 
w=e+i log p (2) 
or as any analytic function of the related exponential function 
e-f"=qe-fe (3) 
Thus, an infinite set of particular integrals of equations (I), 
in the incompressible case, referred to herein as "the powers 
set," is d. When k is a positive integer, the particular 
solutions vanish a t  the origin @=O, log p=O) and, when k is 
a negative integer, the particular solutions are d i n i t e  at the 
origin. In the case of nonintegral values of k, the origin is a 
branch point of the functions d. 
Another infinite set of particular integrals of equations 
(1) in the incompressible case, referred to herein as "the 
exponential set," is 
(e--lw)t=@e--08 
where, again, k can take on any value-integral, nonintegral, 
positive, or negative. 
In the compressible case, the particular solutions corre- 
sponding to the powers set .tat (that is, the particular solu- 
tions which reduce to d in the incompressible case -0) 
depend on whether the coeEcient of d is real or imaginary- 
a consequence of the fact that, in the compressible case, 
+ and $ do,not satisfy the same differential equation. For 
example, for k = l ,  the two functions corresponding to w 







E = h  a + d d  
and f(7) and g(7) each vanish for 7=0. (See equations 
(26) and (27) of reference 1.) 
The development of other functions corresponding to the 
power set UP, for positive integral valuss of k, follows accord- 
ing to the method of Bers and Oelbart. (See expression 
(22) of reference 1.) Since the present papor is chiefly 
concerned with the functions corresponding to the exponen- 
tial set e-"w, the ppwers set is not further discussed. 
CHAPLYQIN DIFFERENTIAL EQUATION 
THE FUNCTIONS Pk AND Q b  
Corresponding to the exponential sets in the incompros- 
sible case 
and 
e-aw=@ cos ke-i$ sin ke 
i ~ * ~ = $  sin ke+$t COS ke 
there appear in the compressible case functions designntod, 
respectively, 
P t @  cos ke-iQt(a> sin ke 
and 
Pt@ sin ke+iQ,(a) cos ke 
where the functions Pk(d and Qt(a) satisfy second-order 
difFerential equations. These equations are easily obtained 
by substituting in equations (1) the product-type solutions 
(4) 
In view of equations (1) it is observed that 
The functions Q(p) satisfy the second-order differential 
equation 
~ ~ + ( l + n i p ) p ~ - l p ( l - i W ) Q ~ = O  (6) 
The functions P&) can be obtained from &&) by means 
of the first of equations (5). Equation (6) may be reduced 
to a standard type by introducing r ns the independent 
variable. Put 
Qk@ =!?Yt(d (7) 
O N  THE FLOW OF A COMPBESSIBLX F1 
where clearly YZ(7)+1 as -0 (incompressible case). 
With the use of the symbolic relations 
a? al d a* --4? &2+2r ;t7 w- 
and the relation 
Mp,- 2/37 
1--7 
the desired differential equation is 
d Y  1 
T (1 - T )  + [ (k + 1) - (k+ 1 - /3) TI  $+? /3k (k + 1) p k = O  
(8) 
Equation (S) ,  which is of the hypergeometric type, mas 
first introduced by Chaplygin in his memoir on gas jets 
(reference 3). 
- 
THE FUNCTIONS pb AND p-k 
Chaplygin treated the subsonic flow of a compressible fluid 
through jets with straight-line boundaries. Bor such prob- 
lems the hodograph variables e and p are natural variables 
in the sense that the solid and fluid boundaries are de- 
scribed by O=Constant and p=Constant, respectively, and 
only the particular solutions of equation (8) with positive 
charncterktic index k are needed. In the present paper a 
complete ordered set of particular solutions of equation (8) 
is obtained, which extends the results of Chaplygin into the 
supersonic range and to negative values of the index k. 
Two types of solutions of equation (8) for nonintegral 
values of k are 
(9) 
and 
F r ( ~ ) = ~ - r F ( ~ r - k ,  bk-k, 1-k; r)  (10) 
where 
y k ( T )  =F(ar, br, k+ 1 ; 7)  
ak+b,=k-/3 
k a&r=-3 (k+l)B 
and 
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It is nom shown that only one of the solutions need be used. 
For positive values of k, the requirement that Pr(0)=l 
excludes the use of equation (10). For negative values of 
the index, the solution &-&)=q-’~-k(r) obtained with the 
aid of equation (10) is, except for a constant factor, equiv- 
alent to the solution Qt(p)=$Yr(~) obtained with the aid 
of equation (9). Thus 
&<a, =a-”-r(d 
=p-’%F(a-,+k, b-,+k, k+l ;  T) 
=q-’%F(a,, b t ,  k+l ;  r) 
Hence, only the solutions given by equation (9) are needed 
for the determination of Q&) and 
Then 
Qt(d = $ p r ( T )  
=$F(at, b t ,  k+1; T I  (11) 
=p-’F(a-,, b-k,  -k+ 1 ; T )  
=a-kF(aa-k, bt-k, -k+l; T )  (12) 
Observe that both types of hypergeometric functions appear- 
ing in equations (9) and (10) are utilized in the expressions 
for Qda) and Q-tO. 
The foregoing discussion has been limited to nonintegral 
values of the index, positive or negative. When the index 
is integral and positive, equations (9) and (11) remain valid. 
When the index is integral and negative, however, equation 
(12) does not in general lead to a meaningN solution and 
consequently another independent solution is to be sought. 
The desired solution for Y - r ( ~ )  in such cases contains a 
logarithmic term and again is subject to the condition that 
it reduce to unity for T=O (incompressible case). The 
expression for Q-r(P) is then given by 
Q-t @) = q - T - t  (4 (13) 
where 
and 
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Note that, if ut or bt takes on any of the values 1,2, . . . k, 
the constant c equals zero and the function P&) becomes 
a polynomial. It should be pointed out, however, that equa- 
tion (13) is to be utilized only if equation (12) does not yield 
a relevant and k i t e  result. This statement is illustrated in 
some of the following special examples. 
Case of y=-l: 
Consider as an example the von K'&rm'&n-Tsien treatment 
of compressible flow (reference 0) in which the adiabatic 
index r= - 1 or P= -5 Then 
For a negative integral index, equation (13) may appear to 
be applicable, in which case the expression for L ( 7 )  would 
be a polynomial of degree k-1. A n  examination of equa- 
tion (12) ahows, however, that for this m e  no inhi t ies  
arise and tha't, when the index is negative, integral, or 
nonintegml, 
The hypergeometric series represented by P-t(T) converges 
for values OSlrI<l. For the present case of r=-1 or 
P = - 1 ,  values of r corresponding to positive values of M 
lie outside the range of convergence. A closed expression 
for P-t(i) can be found, however, for this case which, by 
analytic continuation, is therefore valid for all values of 7.  
Thus 
2 
Similarly, from equation (9), when the index is positive, 
1 + (1 - 7)' -t =[ a 9 
Observe that 
1 &'@=&-Lo 0 
=[ 1 + (1 - r) 4 (14) 
This identity for the von K:&rm&n-Tsien m e  corresponds to 
1 
!z- the identity $=7 for the incompressible case. 
Case of k=l: 
For k=1, 
al=l 
Then, for the positive index, 
For the negative integral index, it may appear a t  first glance 
khat equation (13) is needed; however, equation (12) does 
yield a relevant and fhite result and accordingly is tho 
equation to be wed. Thus 
1 B  =1+-- [l-(l-r)a+l] 
2 P+1 
and therefore 
Case of k=O: 
of equation (8). 
Q,(T) then is 
The exceptional w e  of k=O is directly treated by moans 
The differential equation for Yo(r) or 
The general solution of this equation can be written tu 
&0(p)=2c1 log *+cJ [(l-r)fl-lI $+c, 
where GI and 12, are arbitrary constants of integration. The 
constants GI and C, are determined by the imposed condition 
that the expression for &(a) reduce in the incompreasible 





$(d=log !z++ J'[(l-rP-lI 7 dr 
In a similar manner, from the differential equation for Po, 
the expression for Po is obtained as 
It is remarked that the functions $(p) and Po&) are identical 
with the elementary functions L(p) and f ; ( p ) ,  respectively, 
introduced in part I (reference 1) and are associated with 
a vortex and a source type of flow. 
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THE-FUNCTIONS-Jt,wAND~8k 
A h o a r  homogeneous ditferential equation of order n 
can, in general, be reduced to a d3erential equation of 
order n-1 by menns of an exponenthl-type substitution 
forithe dependent variable. Chaplygin made use of such a 
substitution to reduce the second-order differential equations 
satisfied by P, and Q, to firsborder equations of the Riccati 
form, in order to study properties of the functions PI and Qt 
in the subsonic range for only positive values of k. In the 
present analysis the Riccati equations are also found useful 
in order to extend the study of the functions P, and Q, to the 
supei.sonic rnnge for both positive and negative values of the 
index k. 
The second-order differential equations for P, and Q,, 
with T a8 the independent variable, are 
and 
The corresponding ht-order  Riccati equations are ob- 
tained by substituting for P, and Q, new dependent varia- 





27 1 dP, 
k P , T  RE=- - 
(19) 
The equations entisfied by R,(T) and &(7) are 
and 
Initial conditions for &(T) and &(T) are found by examina- 
tion of the incompressible case 7 -  0. In this case 
Pt=Qk=$ and, since 27 &=q $2 it follows from equations 
(19) and (20) that 
d 
R,(O) =S,(O) =1 
The following important relation exists betmeen the func- 
tions Rt(7) and &(T) : 
=1-W 
Equation (23) can be verifbd directly from the hodograph 
equations (1). It may be noted at this point that this result 
is of si&cance in connection with the geometric-mean 
type of velocity correctien factor inhduced in part I and 
is discussed more fully in B later section. 
Before the functions R,(T) and &(T) are treated, certain 
general observations can be made regnrding the functions 
P t ( T ) ,  Q ~ ( T ) ,  &(T),  and &(7). Chaplygin, who limited 
his investigations to the subsonic range and to positive values 
of the index k, has shorn  that Q, and consequently the other 
functions possess no roots for any value of the independent 
variable in the subsonic range, with M=O excluded. In the 
supersonic range -1, Pt(7) and &(T) in generd possess 
zeros. Certain relations obtained by means of equations 
(19), (20), and (23) between P,, Qt, R,, and Sk at the zeros 
of P, and Q are summarized as follows: 
It is remarked that the number of zeros of Qt, as a function 
of the index k ,  can be found from an expression developed 
by Klein and Hurmitz (reference 7) in connection with the 
zeros of the hypergeometric function. In general, the 
number of zeros increases wi th  the magnitude of the index k 
and is infinite for k=f 0). 
A further observation of interest can be made in connec- 
tion with equation (23). Chaplygin has shown that, for 
positive f i t e  values of k (and the same is true for negative 
bite values of k), the functions &(7) are not zero for the 
sonic value T = T ~  or M=1. Prom equation (23) then, it 
follows that the functions R,(T)=~ for M=1. 
In view of the relation between the functions RE and St 
given by equation (23), only 8, need be discussed: The 
Riccati equation (22) may be used to discuss certain proper- 
ties of the function S, but in general, for numerical evalua- 
tion, the original definition (equation (20))  in terms of the 
function Q, may be used directly: 
or 
27 dY, s,= 1 +- Y, 7iG- 
In general, the functions S, are expressible in infinite series. 
For several values of k, however, S, can be expressed in 
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closed forms. For k=O and k=& 03, St may be obtained 
by a limiting process from equation (20); however, for these 
special cases the Riccati equation (equation (22)) yields 
the results directly. Thus 
From equation (5) for Pt and equation (20), which defines 
Qat P.=--- 1 (1-T)8 
It folloms that 
and 
For example, for k = l  and k=-1 and with the use of equn- 
tions (15) and (16), 
1-(1-r)fi+1 fl(4 =log (/j+ 1) 
The cases k = l  and k=-1 may also be expressed in closed 
form. With the aid of the equations (15) and (16) for Q1 
and a1, equation (20) yields 
and 
(27) 
In order to illustrate the behavior of some of the functions 
thus fa r  inhduced, a number of tables and W e s  are given. 
All the calculations have been performed with the adiabatic 
index -y=1.4. Table 1 gives values of Yt 88 a function of 
A4 or T for several positive and negative values of the index k. 
Figure 1 shows the functions Y.. plotted against M. Values 
of the functions St and R. are given in tables 2 and 3 and 
m plotted against M in figures 2 and 3. 
For k=O and k=&co, equations (30) and (31) require a 
limiting process for their evaluation. Alternate forms for 
f t (r)  and gt(r) may be obtained, however, by means of 
equations (19) and (20) defining & ( T )  and &(T),  which yield 
the results for k=O and k=&w directly. Thus 
and In the incompressible case, the sets of functions Qt and P, can be reduced to a single function log p by means of a 
(37) 1 simple operator log. Thus 
where Rt(T) and St(.> are related according to equation 
(23). Then 
and 
, lF 7 Thki same operation applied to the functions Qt and P, in 
the compressible case serves to defme two useful sets of 
functions log q + j t ( T )  and log q+gt(7), respectively. Thus 
and 
and It is worthy of special notice that the functionsfO(T), g0(7) ,  
andf,,(r) are identical with the functiomf(~), g(T), and 
h(r), respectively, which formed the basis of part I (refer- 
enco 1). I n  addition, the expressions log g+jo(.), log q+go(7-> 
and log q + f l m ( ~ )  are identical with the functions L, 2 
and H, respectively, which were introduced in part I. 
A number of functions f t  and g, hnvo been calculated, 
with 7=1.4, for several positive and negative values of the 
index k, and the values are given in tables 4 and 5 and 
plotted in figures 4 and 5. 
From equation (7), namely, 
it follows that 
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P r G m  l . 4 h e  functions Y h  winst M for caveid valoas of the i n k  t 
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FIGURE &-The frmctfonsfb and I b  a@& Mfor several negative Wloa of the inda  k.
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The opportunity is taken here to note t,hat, for the 
von KtirmBn-Tsien case 
1+ (1--7)'" 
2 f,=g,= -log 
and that the sets of functions Pt and Q,, as in the incom- 
pressible case, are reduced to a single function by the operator 
1 log; namely (compare equation (14)), 
In fact, the complex flow potential ++$ can be expressed 
as an analytic function of a single complex variable 
2 4 - E i F  
1 + JiZiTP' e+i  log g Tsien has made use of this complex 
variable in his hodograph treatment of the compressible 
flow past an elliptic cylinder (reference 8). 
VELOCITY CORRECITON FACTOR 
The solution of the problem of an exact correspondence 
between the flow past a prescribed body in an incompressible 
fluid and the flow past the same body in a compressible 
fluid is a difficult matter. This problem can be solved ex- 
actly for certain types of flow patterns (not past closed 
shapes), such aa flows inside or outside angles or channels, 
and for certain flow singularities such as a vortex, source, 
and doublet-types of flow which can be associated with the 
particular solutions Qt. Some of these types of flow are 
illustrated by ezramples in the following section. Combining 
particular solutions to represent uniform flow past a pre- 
scribed body is a complicated process, since the treatment 
of infinite series in the functions Qg for both positive and 
negative values of k is involved. Furthermore, the process 
of returning to the physical-plane variables from the 
hodograph-plane variables hinges on nonelementary parts of 
differential geometry. Certain types of jet  problems cllll be 
properly treated in the subsonic range by series in Q, with k 
positive, as was shown by Chaplygin (reference 3). Thus, 
it appearx that much work remains to be done in order to 
render feasible exact and practical solutions for uniform flow 
past prescribed bodies in a compressible fluid. Because of 
the diiEculty and complexity of the general problem of flow 
in a compressible fluid, attempts have been made by a 
number of investigators to obtain results by means of 
velocity correction formulas that serve to place in correspond- 
ence velocities in an incompressible and in a compressible 
fluid. 
In part I the velocity correction factor was discmed with 
particular reference to the b o  functions L and (Qo and 
Po of the present paper) associated with a vortex and source 
type of flow, respectively. The main justification for the 
results of part I was the yielding and the llnifving of the. 
results of Chaplygin, von Kbm&n and Tsien, Temple and 
&13110--[i~21 
Parwood, and Prandtl and Glauert. The knowledge of the 
infinite set of functions P, and Qt discussed in the present 
paper can now serve to establish further on a reasonable basis 
the concept of a velocitg correction formula. 
In order that a single velocity correction factor be feasible, 
even for a flow associated with a particular solution, it is 
necessary that P, = Q,. Consider, for exmple, the functions 
Qt and P, insofar as the h t  power of the variable T is 
concerned. It can be shown easily that 
. and 
1 clog p-,pr 
=log p-- 1 
2 
Thus, to the hst  power of T and independent of k, 
f k ( d = g k ( T )  
1 = -3 87 
Then 
p, = Q, 
&?-fary 
The nature of the correspondence between the incompressible 
flow and the compressible flow is such that 
Without going into any details here of the field point corre- 
spondence or of the boundary distortion, the velocities in the 
incompressible and compressible cases may bo placed in 
correspondence as follows: 
or 
1 
2 8 1  pi=pCe 
This result implies that the complex variable 
in the compressible case corresponds to the complex vari- 
able e+i log p in the incompressible case. Equation (42) 
represents the approximation of Temple and Parwood 
discussed in part I. 
Consider now the functions Q, and P, insofar as large 
values of the index k are concerned. It is recalled that, as 
the index k 4 & = ,  
Rt+& 
+(l-Alqlp 
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and that 
= [qeh'r'lt 
The function h(7) is axpressed in integral form in equation 
(40) and has been evaluated and tabdated in part I. (See 
also table 4 and fig. 4 of the present paper.) The corre- 
spondence of velocities in the incompressible and the com- 
prelssible w e  is given by 
qr= q k ' r '  (43) 
Quation (43) constitutes the geometric-mean velocity 
correction formula introduced in part I and is limited to 
the subsonic range O S M S 1 .  It is observed that, for posi- 
tive values of k, h ( ~ )  lies betmeenft(T) and gt(T) in 
magnitude. Moreover, the deviation of ehCr) from 
and is quite small in the subsonic range. (See table 6.) 
The foregoing remarks, together with the fact that the 
geometric-mean type of approximation contains the results 
of Chaplygin, von Icgrmh and Tsien, Temple and Pamood, 
and in the limiting w e  of small disturbances to the main 
flow the exact Prandtl-Glauert d e ,  lead to the suggestion 
that it may be adopted as an over-all type of approximation 
in the subsonic range. 
FLOW PATTERNS COBBESPONDING TO TEE PARTICULAB SOLUTIONS 
Before the flow patterns corresponding to the particular 
solutions +t and given by equations (4) for the comprea- 
sible case are discussed, it is instructive to examine the 
incompressible case. Consider the complex velocity potential 
Q=++i+ 
= UP 
where Uand n are constants and z=z+iy. It is well l a o m  
that, if n=$ where a is an angle betmeen 0 and 2 ~ ,  equation 
(44) represents the flow in a sharp angle. For example, the 
flow inside a right angle is obtained with n=2 and the flow 
outside a right angle is obtained with n=-. Again, the value 




n=- os a=2r corresponds to the flow around a semi-idbite 2 
line. Clearly, all the angle floms are obtained with values 
of n between % and 0 3 .  Other types of flows are given by 
other values of n. For example, n=-1 corresponds to a 
doublet and the remaining negative integers are associated 
with singularities of higher order than the doublet. In 
addition to the flows described by the powers P, there are 
the two fundamental flows, the EOUTCB and the vortex, mao- 
ciated with the function log z. If, now, it is desired to obtain 
generalizations for the compressible m e  of the foregoing 
particular flows, the procedure is first to express I$ or $ for 
the incompressible flow aa a function of the hodograph 
variables p and e and then to replace @ by Pt or &I, respec- 
tively. Several examples mill best illustrate this procedure: 
(1) Consider the compressible generalization of the anglo 
flows. By means of the relation 
where w=e+i log p, the hodograph complex variable 20 is 






n-1 If- is replaced by k, the compressible genernlization of 
the ansj-le flows is given by 
I T  
The inside mgle flows are given by values of k in the range 
l<k< w and the outside angle flows, by values of k in the 
range 16-k<m.  For example, k=2 for the flow imido 
a right angle, and k=-2 for the flow outside a right angle. 
Other types of flow are given by values of k in the rango 
The case k = l  or n=f 03 is exceptional and, in fact, 
-1<k61. 
corresponds to the incompressible flow 
Q=ea (46) 
where c is a constant. 
(2) Consider the compressible generalization of the doub- 
let. The complex velocity potential for the incompressible 
doublet at the origin is 
1 a=- 
z 
The reflected-velocity vector is 





. -+ n= -w 
The stream function for the incompressible doublet is then 
given by 
1 
$= --P+ COS e 
The compressible generalization of the doublet is therefore 
(3) Consider the compressible generalization of the source. 
Tho complex velocity potential for a unit source at the origin 
is 
Q=log e 
Tho reflected-velocity vector is 
d n 1  




The velocity potential for the incompressible source is 
+=-log p 
The compressible generalization of the source is then given by 
+o= - Po 
(4) Consider the compressible generalization of a point 
vortex. The complex velocity potential for a vortex of unit 
strength a t  the origin is 
n= --i log z 






and, except for an additive constant, 
Q=W 
The stream function for the incompressible vortex is 
$=log P 
The compressible generalization of the vortex is then given by 
*o=$ 
TRANSFORMATION FROM THE HODOGRAPH TO THE PHYBICU VARIABLEB 
Given the velocity potential + and the stream function $ 
in terms of the hodograph variables e and p, it is possiile to 
express the coordinates 2 and y of the physical plane in 
terms of 0 and p. 
From the basic flow equations 
it follows (see equation (6) of reference 1) that 
P 
The real and imaginary parts of this equation yield 
(47) 
Equations (47) relate the difFerentia1 line elements in tho 
physical zy-plane and the hodograph Oq-plane. When 
expressions for + and J. as functions of e and p are h o r n  
for a given flow, the integrals of equations (47) are the 
equations of transformation of the e,p coordinates to the 
z,y coordinates. It may be remarked that the hodogmph 
flow equations (1)  are the integrability conditions for the 
differential equations (47). The right-hand sides of equa- 
tions (47) are therefore perfect differentials. 
Consider one set of particular solutions from equations (4) 
+= P,@ COS ke 
$= - Qt(a) sin ke 
where k= f 1 and k=O are excluded. By the w e  of equa- 
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The equations of transformation corresponding to the other 
set of particular solutions from equations (4) are obtained 
by replacing in equations (48) the cosine by the sine and the 
sine by the negative cosine. 
The aoluded cases k=O and k = f l  are now treated. 
For k=O, one set of particular solutions corresponds to a 
source and is 
&=-Po 
$0=0 
Equations (47) then yield 
Po x=- COS e 
PP 
y = B  sin e 
PP 




Equations (47) then yield 
1 
P 
 sin e 
v= -- COS e 
+,=pl COS e 
1 
Q 
For k=1 with 
#q=-Q1 sin e 
equations (47) yield 
With the use of equations (15) and (5), 
where g(7>=gO(T) by equation (39) and is evaluated in part I 
(reference 1). 
For k=1 with 
p1 sin e 
$ 1 = ~ 1  COS e 
For k=-1 with 
+-1= P-, COS e 
$-I= Q-1 sin e 
equations (47) yield 
With the use of equations (16) and (€9, 
5--4pl ,--[---- 1 384-2 p+1 (1-7)' 1 B+1 B (1+p7)] cos 28 
3B+2 p g ( 7 )  1 ' 4 3  log *+4(p+l)a,  
Ringleb (reference 2) gives an example of the flow of a 
compressible fluid around a semi-infinite line. An examinn- 
tion of Rmgleb's stream function $=- sin 0 shows that it is 
a linear combination of $l and $-l; that is, 
1 
P 
1 +=(-a s~+Q.-~)  sine 
In fact, all the esternal angle flows (15  --k<a) are non- 
unique; for, in view of tho discussion preceding equation 
(1 1) , a g e n d  form of 
$ - t = q - t [ ~ * ~ I ( T )  + Y - k ( T ) ]  sin ke 
is 
where A is an arbitrary constant. 
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OBSERVATIONS ON LI~ITT LmEs 
In the present section there am reviewed briefly certain 
conditions, discussed by Tollmien (reference 9) and Ringleb 
(raference lo), with regard to possible limitations on the 
potential flow of an adiabatic compressible fluid. 
Consider the fnmily of streamlines 
+(e, g) =Constant 
Then along a streamline 
and, from equations (47), the line elements along a streamline 
arc 
Singulnr points along a streamline are characterized by the 
vnnislling of the common factor of equations (53): 
a+ a+ 
a P  
(Stagnation points at which d~ and - vanish, the vortex 
for which %=O and the source for which -=O, 39 are ex- 
aP 
cluded from this discussion.) Observe now from equations 
(47) that the Jacobian of the transformation from the 
hodograph vnriables 0 and p to the physical-plane variables 
2 and y is given by 
Thus, the vanishing of the Jacobian is equivalent to the 
condition for the existence of a singular locus for the family 
of streamlines 
+@,a) =Constant 
This singular locus consists of points at which the stream- 
lines undergo an abrupt change of curvature and means, 
physically, that the acceleration q$ of a fluid particle is 
infinite at such points. 
Both Ringleb and Tollmien have shown that the singular 
locus for the streamlines is also the envelope of the Mach 
lines in the plane of flow. The Mach lines are related to the 
streamlines in such a way that the component of the fluid 
velocity n o d  to a Mach line is equal to the local velocity 
of sound. The Mach lines are identical with the so-called 
characteristic curves of the second-order partial differential 
equations for 4 and + and are the integral curve8 of the 
or 
ordin& differential equation 
d82-2 (fM-l)dQP=O a' 
d e = * q P = l d q  
4 
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The real solutions of this ditrerential equation interpreted 
in the physical zy-plane yield the Mach lines for a given 
flow. The solution of equation (56) is 
e-e,= *[A tan-'(J;;dZl)-tan-' 4 m ]  (57) 
where 7 
the M=l line for B given flow. 
and where e,, assumes the values of e along 
*-7+1 
It is recalled that the function 
H=log q + h ( ~ )  
introduced in part I (reference 1) in connection with the 
geometric-mean type of velocity correction formula is a 
solution of the differential equation 
in the subsonic range. Observe that a continuation of 
the function H into the supersonic range is given by equation 
(56) 85 
& de=*- dfEF=i P 
In the supersonic range, the function B=e-e, can thus be 
interpreted ns the hodograph of the Mn.ch lines for a given 
flow. 
The differentid line elements dx and dy for the Mach lines 
in the physical plane are now given. From equations (47) 
and (56), the line elements dong a Mach line for a given flow 
Singular points along a Mach line are characterized by the 
vanishing of the common factor of equations (581 
(59) 
Equation (59) represents in the plane of flow two possible 
singular loci or "limit lines" for the two families of Mach 
lines associated with the plus and minus signs in equation 
(56). Clearly, the two singular loci cannot occur simul- 
taneously since the two conditions cannot be satisfied simul- 
taneously. Observe that equation (59) is equivalent to the 
vanidung of the Jacobian given in equations (55). Thus, 
the vanishing of the Jacobian is not only the condition for 
the existence of a angular (cusp) locus for the streamlines 
but, also the condition for the existence of a limit linc (enve- 
lope) for the Mach lines. 
322 REPORT NO.  790-NATIONAL ADVISORY COMMmTEE FOR AERONAUTICS 
The existence of n singular locus may be looked upon ‘ns 
EiFequiva len t  to the vanishing along a curve of the 
Jacobian J C G )  of the transformation from the hodograph- 
plane variables 6 and p to the physical-plane variables z and 
y. It is remarked that singular solutions exist for which the 
Jacobian J (a) of the transformation from the physical- 
&me variables z and y to the hodograph-plane variables e 
and p vanishes identically in a region of the physical plane. 
In this case, ns Tollmien pointed out, e and p are no longer 
independent variables and the flow cannot be described 
in the hodogmph plane. Examples of these “missed flows’’ 
are the solutions of Meyer (reference 11) for supersonic flow 
imido and outside sharp angles. 
It is of sp.ecial intercat to apply the condition for the van- 
ishing of the Jacobian to the particular solutions & and yir 
treated in the w l y  part of t h i s  paper. The espression for 
the Jacobian for a particular solution 
‘JY 
+t= Pt COS ke 
#*= - Qt sin ke 
is, with the iise of equations (5), for k#O, 
Clenrly, this e-spression for J is positive in the subsonic 
range M<1. At the sonic value M = l ,  P,#O (see table 
following equation (23)) and J is again positive. At the 
first zero of P, in the supersonic range -1, Q,#O;  hence, 
Jis negative. The values of M, for all the pa& of values e, 
M for which the Jacobian J vanishes, therefore lie between 
M=1 and the value of A l  at  the hat zero of P, (or S,) in the 
supersonic range. 
By means of the relntion 
the vanishing of the Jncobinn yields 
Equation (61) is the relation for pnim of values e, M, which 
interpreted in the physical ry-plane constitute the limit line 
for the particular flow &, #,. The values of A4 that satisfy 
equation (61) accordingly lie between M=l and the vnlue 
of M nt the first zero of Sk in the supersonic rnnge. 
This paper is closed with the following remarks on limiting 
values of M in ConnePtioQ with the use of velocity correction 
formulas. The limiting local values of M in the cnso of 
uniform flow past a prescribed boundary, in general, depend 
on shape parameters. The use of n velocity correction 
formula, however, yields a constant limiting value of M 
that depends only on the perticdm correction formula used. 
The geometric-mean correction formula yields the value 
M=1; the approximation of Temple and Ynnvood yields 
iM= 1.35; and the arithmetic-mean correction formula given 
in part I (reference 1) , which is based on a linear combination 
of n source (limiting value M=1) and n vorkex (limiting 
value Ad==) or a spirnl flow, yields the value A4=1.16. 
LAKQLEY MEAIORIAL AERONAUTICAL LABORATORY, 
LANGLEY FIELD, VA., September 99, 104.4. 
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REFERENCES 
1. Garrick, I. E., and Ikplan ,  Carl: On the Flow of a Cornprossiblo 
Fluid by the Hodogmph Method. I-Uni6cation and Extonsion 
of Present-Day Results. 
2. Ringleb, Friedrich: Exrskte b u n g e n  der DiRerentlalgleichungon 
einer adiabatischen Gasstr&mung. Z. f. a. M. M., Bd. 20, Heft 4, 
Aug. 1940, pp. 185-198. (Available as  R. T. P. Translation No. 
1609, British Ministry of Aircraft Produotion.) 
(Test In Rwian.)  Sci. Ann., 
Moscow Imperial Univ., Math.-Phys. Sec., vol. 21, 1904, pp. 
1-121. 
4. Bers, Lipman, and Gelbart, Abe: On a Class of Differential Equa- 
tions in Mechanics of Continua. Quarterly Appl. Math., vol. I, 
no. 2, July 1943, pp. 168-188. 
6. Bergman, Stefan: The Hodograph Method in the  Thoory of Com- 
pressible Fluid. Advanced Instruction and Resaaroli in 
Mechanics, Brown Univ., Summer 1942. 
6. von I I h m l n ,  Th.: Compressibility Effects in Aerodynnmics. 
Jour. Aero, Sci., vol. 8, no. 9, July 1941, pp. 337-366. 
7. Hurmitz, Adolf: Mathematische Werke. Bd. I-Funktionenthoorb. 
Emil Birkhhser  & Cie. (Basel), 1932, pp. 814-320 and 062- 
654. 
8. Tsien, HsueShen : Two-Dimensional Subsonic Flow of Compres- 
sible Fluids. Jour. Aero. Sci., vol. 6, no. 10, Aug. 1030, pp. 
399-407. 
Z. f. a. M. M., Bd. 21, Heft 3, June 1941, pp. 140-162. 
10. Ringleb, Friedrich: Uber die DXerentlalgleichungen eher adin- 
batischen GasstrBmung und den Str8mungastoas. Deutsche 
Mathematik, Jahrg. 5, Heft 6, 1940, pp. 377-384. 
11. Meyer, Th.: Uber meidimensionale BewegungRvorgflngo in 
einem Gas, das mit uberschallgeschmindigkeit str8mt. Forsch.- 
Arb. Geb. Ing.-Wes., VDI-Yerlag G. m. b. H (Berlin), IIoft 
12. Kraft, Hans, and Dibble, Charles G.: Some Two-Dimensionnl 
Adiabatic Compressible Flow Patterns. Jour. Aero. SOL, vol. 
11, no. 4, Oct. 1944, pp. 283-298. 
This reference, which appeared after the  prwont paper was 
submitted for publication, contains graphical flow patterns [LBBo- 
c h t e d r i t l i  theparticiilarsolutions of indes h= f ~ .  &TI and f 2. 
NACA Rep. No. 789, 1944. 
3. Chaplygin, S. 8.: On Gas Jets. 
(Available as NACA T M  No. 1063, 1944.) 
9. Tollmien, W.: Grenzlinien ediabatisoher PotenCialstr8mungon 
62, 1908, pp. 31-67. 
1 3  
323 ON THM FLOW OF A COMPRESSIBLEI FLUID BY THE H O D O W H  M E T H O D - 1 1  






. 6  
.66 
- 6  
.e4 
.7 





































a m  .m 
.01768 . @IO1 
.Mmz 
,06706 














. 1 w  
.Po66 . Pg17 
.11782 












































. m b  .m 
.m1 
. m 0  .m .m .m 
. m m  
. a i m  . m m  
YI 
I- 







.81818 .m .m 
. 7 w  
. m 4  
.7owB 
.m .m 





.m . 881m 
.68m . F r n  
.M%5 









.m . n m  .m 
. nm 
Y, Y4.6 Y-l Y-IJ Y-I y-1 J Y-I Y-1r 
L W  
Lo1slfl 
L 0 8 m  
1.11766 
L19lm 
L W  







L m 4 u  
L W  
LB85so 
L W  
L 61666 
L623W 
L r n l 6  
L W  
183881 








L M  
142427 
L858oa 
L m  
L m  












.a7096 .m .m .m .m . e5213 . a466 
.m 
.€.fa7 . Mol6 . 63m 
. 6 m  
.wo 
. 4 m  
. 4 n a  
.4m 
.44436 








. m 1  .m 
.lee36 . ml2 
.1m 
.I2161 
. 1 m  




















L W  
L W  










L l p s 6  
L m  
1.13446 
1.1m 






















L m l l  
L 27014 
L2S4TB 
L m  
128498 
L289m 
L m  
L r n l  






L W .  
Ll laoa  
L r n 1  
L 1314 
1.13464 
L l m  
L 19868 
1.14017 
L 1 4 l Z  ' 
L 1u67 



























L W !  







L r n 1  



















L W 6  
LGBMO 
L W  
Lm7iQ 
L n430 










L r n l  
LIB224 





























9 m  










- 7 . m  
-m1m 
amm 
a m  
a m  
0.88788 
.06m 
































.01m . o m  
.w .m 
.m .m .m .m 
.7BzM 




L W  
LWXV 
107347 
1 . m  
Lo8(ua 
L W  
L m  














.Tal10 .m .m .m 
.78516 
. 7 m  
. 7 m  .m 















L m  
112866 



































L 2 l O  
L!llE36 
I. m m  
TABLE 2.-TEIE FUNCTIONS Sk FOR SEVERAL TALUES O F  THE INDEX k 
- 
M SI su 












. @ a 4  .f€alo 
.E3409 
.m 
.M308 . m 7 4  
.48992 





.m1 -. 06128 -. 14m 











.a7242 .w . slm . maa 






. m 9  
.63742 
.m 
. 4 m  
.47484 






.!244fa .1mm . lBpBa 
.m 










a m  
-98001 .w 
. r i a 2  .ma 
.Em63 
. a 0  .m 











. 4 m l  
. 4 w  . uw 
.m 






.om96 -. 00866 -. 07m -. 1 m  
-.21670 -. 28808 -. 86288 -. 4 m 4  
-. 61611 -. EXml -. 87261 -. 76286 -. €3446 
.ism 
SI 




























-17882 . llm 
.o618l 
.m1 -. (K161 -. 11235 -. 1naS -. m 4 6  
-. 36187 -. 4l24Q -. 47803 -. 6auB -. 66376 
. Bmm 
-. m m  
SI., 


























.04106 -. ax53 -. 0.5491 -. 1 m  -. 1m 
















































a m i  
.0801P .w 
















. 4 m  
-47605 








. 1 m  
.m .m -. (0&17 
- . W 1  
-.Wl -. llau -. 14885 -. 1m.U 
aeaam 
.88028 
.0m . a2427 




. 7 w  
.m .m 
. 7 m  
.a704 
. m 4  






.m . W70 
.m43 















a m  .am 
.01m . CmOl 
.04762 
.06506 
. m e  .m 
.am6 . 10- 
.11m 




























a m m  




.a640 .mm .m 
.  
.m 
REPOFLT NO. 790-NATTONAL ADVISORY COM?K!TI%B FOR AERONAUTICS 
TABLE 2.-THE FUNCTIONS S r  FOR SEVERAL VALUES O F  THE INDEX k-Conoluded 





.ai76 .n4m .m .m 
.EM74 

































. 1 W  












. s 1 m  .m .urn 




















- L W 9  





- L m  
- L 4 m  
-.nb43 
-Loo858 
- L W  
-LrnlO 


















































































L M  
1 . m  
L W  


























. 7 m  









. 7 w  
. 7 m  
.7%m .m .m 






























. m o  
.8)146 
-79810 
.791W .m .m 
.mu3 .m .m 




. 7 m  
-76568 
-76469 
. 7 m  
-76170 
.76173 . 7 m  
-76433 




* m 4  .m 
.18ps .m .m .m 
. m o  
T 
a m  .m 
.01m . a9101 













.1m . l a 9  
.18816 
.1w 


















a w  











.E3337 .m .w 
.m 












L m m  























.m .m .m 



















.Ea23 . WE3 .m .w 
.em26 
L a9188 








































TABLE 3.-THE FUNCTIONS Rc FOR SEVERAL VALUES OF T H E  I N D E X  k 
M - 
a i  
























1 2 0  
1.30 
L3.5 
















a w  
.aim 
.979u . 95lm 






. 4 m  
.46lSl 
.4ol27 




-. 06922 -. 14288 -. 22163 
-_ 8M50 -. 39489 -. m -. 64616 






- 4 . 4 m  
-6. 61652 
-7.05582 -a Ball7 
-1L 88331 
0 
-14. m m  
Rt R u  I R6 Re Ro 
0 . m  
.m 
* mso 
.m .aim .m 
.76149 .m 
.B1128 .m 






.14m . llw 
.mu 
-. 06481 -. l3314 -. m 7  












- a m  
T 
a m  .m 
.01m 
.a9101 



























.31M . ab5  .ma 
.35254 .w .m 
.393m 





. 9 m  
.Qa268 . e m  
.86661 











. M u 9  .won 
.a140 




-. oB1Bs -. m 2  -. w 9  -. 4TB80 -. w 4  -. 81758 
-1.317n 



















. 7 m  















. 3 m  
.31m 
.m 
. 1 m  
0 











ia mi a 16600 
L 18251 






-a  am -la imi 
-19. m 
-27.18842 
-a82880 -1m C e Z n  
-a 0 8 ~ 3 1  
I 
325 O N  T D  F&OW OF A COMPRESSIBLE FLUID BY THE HODOQRBPH METHO+II  
TABLE 3.-THE FUXCTIONS Rt FOR SEJCERAL VALUES O F  THE INDEX &Concluded 
- 
N Ro R-¶J 







. w 9  
.sBm0 







-. MW -. m 4  -. 1 m  -. 17466 -. 21477 -. m -. 30814 -. 958Bs -. 39061 -. 46170 
-. 62185 -. 67084 -. go888 -. me41 -. 66011 -. 672b5 -. BTi?B -. 61485 -. 68601 -. 648l?3 














. I S  
.lo618 
o- mQ
-. a5ms -. 09888 -. 14157 -. 16742 -. rrnl -. 26983 -. 3126a -. m -. m43 -. 42m 
-. 44764 -. w651 -. a 1  -. rn -. 38968 -. 32866 -. 26032 -. 17467 -. 0 7 l O l  
.OS14 
.m . m1SB .w 
L 1m 
. m m  
R-l 
a m i  
.m10 
.W16 












-. 11102 -.am -. m14 -. 4139l -. 4 w  -. 67318 -. 68813 -. nea3 -. rn -. m7 





1 . m  
R-I 


















d W  
-. mm -. lOB18 -. 16134 -. zma -. 27584 -. 93472 -. 4!ma -. 61827 
















R-I A R-1 R-JA r 
a i  










































L m  
a m  .m 
.01m . a3101 
.0476 . a5706 .me .m 

























. 3 m  
.93862 




















-21428 . l4fea 
.I1987 
0 
-. 08181 -. l a14  -. m 1 7  -. 28107 -. 98101 















0 -  
. m 2  
.34010 
. m 4  
-24639 
.lW4 
.14W . lam1 
.MI2 . Mol6 
0 
-. 05M.S -. l21u -. 1 m  -. 2#cQ -. 32214 -. BB6u -. a 7 7  -. 82863 -. n m  -. m3m 
-. Ma31 -. crson -. 12116 -. 16163 -. 20208 -. 24243 -. m!m -. 882&6 -. 40288 -. sol44 
-. 688E16 



















































TABLE 4.-T€IE FUKCTIOKS FOR SEVERAL VALUES O F  THE INDEX I; 
Jl 
-0.o0250 -. OOQSS -. (rap8 
-. 08160 -. 07433 -. mI8 -. la316 -. 11623 -. 13838 
-. 1M8a -. lsll2 -. 17389 -. lraea -. 1- -. 20478 -. 2lm -. 21888 -. 22881 -. 23704 
-. 24'117 
-.26057 -. 28814 -. nSsB -. m -. 28691 -. 3 m  -. m -. m -. 385.24 
-. 
fu 
40O -. ma7 -. CCma -. a3947 -. 08m -. 05378 -. as742 -. la210 -. 11780 -. l344.8 
-. lMlO -. 18133 -. 17073 -. 1m -. lmal -. 2oM8 -. 21066 -. 21473 
--.rta18 -. 23176 
Jw 
-a 00260 -. OOBBB -. (rzzL8 -. 03m -. m -. m -. 0&666 -. lOlM -. 11898 -. 1m 
-. 14976 -. lbm -. 1m -. 17885 -. E540 -. 1880L -. 2Ms6 -. m m  -. 21785 -. 22m 
fl r 
ai 









































L m  
L m  
- 
-0. o0260 -. 00888 
-.02186 -. 03831 -. 05&4'1 -. OBBTg 
-.a3186 -. 09467 -. 10787 -. 12167 
-a 0~260 
-.00991 -. 02207 -. 03w -. 05630 -. m -. m -. 09878 -. U 7 6  -. l2%34 
-. 14049 -. 14626 -. 16813 -. 1wo -. 17218 -. 18034 -. 18881 -. 19188 -. 1 w  -. 20528 
-. 21201 -. 21678 -. p668 -. m 
-. 24012 -. 26814 -. 28678 -. 21368 -. 28093 
-. SM14 -. 32m -. 81pB 
-.88816 -. 37882 -. aBps -. 40861 
-.424s8 
-.44017 -. w 
-. 47088 -. 49648 -. IQBEL8 -. 61401 -. m 
-. 
-0.aml -. 00883 
-. 03881 -. 05887 -. 07181 -. 08484 -. 08838 -. m -. rn 
-. 14877 
--.16191 -. lBOl9 -. 1m -. 177l4 -. 18679 -. 18666 -. 18806 -. 20520 -. 2 m  
-.21861 -. 228bB -. !m22 
-. m -. 2m.5 -. m -. aTBBB -. 28866 -. rn 
-. 3x59  -.am -. 3BnB -. 38177 -. 4o010 -. 41960 -. m 1 3  -. 46681 
--.a7481 
-.48281 
-. 61W -. 62800 -. 64617 -. 56203 -. m8m 
--.mala 
-. wm 
-a 00 -. m -. axal -. a3m -. OBOze -. m4l -. as648 -. oEl40 -. 114% -. 12688 
-a OMSO -. 00866 -. m -. ama -. 06061 -. m -. 08813 -. 10034 -. IlMS -. u14l 
-. 1 m  -. 16686 -. lrn -. 17474 -. E34 -. Ice30 -. 2rma -. 20688 -. 21446 -. !2zB2 
-. m -. ns31 -. 24643 -. 2MBa -. 28290 -. !m2s -. 28380 
-.!mea 
-. m 
-. 34910 -. m42 -. 3m96 -. 41865 -. 4Xl49 -. 46241 -. 4%39 -. 50838 -. 53135 -. bM27 
-. 677ll -. 88884 -. m243 -. 044% -. BBm8 
-. 
a m  .m 
.01m . (13101 
.04m .m 
. W l 0  










. 1 m  
.1m 
.1m 




















-. 1368% -. 14313 -. WMS -. 16786 -. 1m -. 17281 -. 1 m  -. llFae -. 188pB -. 18566 
-. 14024 -. w -. 1m -. 17202 -. 16093 -. 1m 
-. 2oa&8 -. 21038 -. 21188 
-. mia 
-. 24045 -. m -. 26823 -. 26731 -. m1 -. 28683 -. 3ooo3 -. 31M -. w -. 3492a 
-. mim -. m -. 21881 -. 22003 -. a 1 6  -. 23228 -. w44 -. 26089 -. 25885 -. m n  
-. 22551 -. B3m -. m -. 21818 -. 26688 -. 28488 -. 21868 -. 28888 
-.28881 -. 31727 
-. 36871 -. 3TB88 
-. 
-. 234a -. 24m -. 25089 -. am5!2 -. 28814 -. 21886 -. 28007 -. XI348 -. 31251 -. m42 
-. 28673 -. 3014s -. 31601 -. 39031 -. 344%3 -. a 1 6  -. m63 -.mi% -. m 
-.4lO14 
-. 42m -. 43418 -. 44673 -. 4 m  -. 46776 
-. r n 6  -. m 7  -. 4wS -. .13080 -. 4 w  -. 48940 -. bow3 -. m -. 65603 -. bQ4S 
-. 37- 
-.4oll2 -. 42BM -. 4m -. rn -. Kl247 -. Mlso -. 67ln -. 60223 -. IF332 
-. 36988 -. rn -. 46407 -. 4 s 3  -. m 7  -. 5x72 -. w -. 63128 -. Bpne -.nw 
-. 4mEa -. 42148 -. 44240 -. 4m-5 -. 48401 -. K O w  -. 62611 
-. Mm -. w -. 68629 -. 60487 -. 62u8 
-. 601oO -. g9266 -. l?5sll -. m 
-.10816 
-. BBsoa -. m -. 79(ta8 -. 18391 -. T9823 
-. m -. SEX2 -. m -. 93178 
-LOlllQ 
326 
-am -. 01010 


















- . W 1  








- 1 . m  
-1.WI24 









-2 n w  
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TABLE 4.-THE FUNCTIONS fr FOR SEVERAL VALUES OF T H E  INDEX k-Concluded 
-0.00251 -. Olmo 






- . l a  
- . 1 m  


























_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  __-_---- 
-_------ ____-___ 
L a  
La6 
1 4 0  
L45 
L a  
LBO 
1 6 6  
L i o  
1.76 
L m  
.m 




















-. 01043 -. 024z3 -. 01u8 -. W m  
-.a34LB -. OB588 -. llan -. m1 -. 14237 
-. 1m -. 16131 -. 1- -. 17227 -. l m 4  -. 18166 -. 1w1 -. 18BB6 -. 18869 -. 101m 
-. 1 w  -. 19647 -. lwm -. le761 -. 1W3 
-. 18528 -. 19774 -. 1wa3 -. 19480 -. 16963 
T /-I /-I3 
-0.00251 -. 01019 -. o?ab6 -. ohus -. o7010 -. m -. 1a3m -. 12197 -. 14076 -. 1m 
-. 17770 -. ISBTD -. 19476 -. m -. 21016 
-.21711 -. 2 m 7  -. 22681 -. naif8 -. zuu 
-. 23776 -. 24077 -. 2Em -. l4.m -. !24863 -. 247u 
-. 2.i610 -. m 1  -. 23861 
-. zzm -. 20519 -. 17860 -. 14W -. 10051 -. (E3Bso 





-a mi -. 01010 -. 02305 -. 04m7 -. 06872 -. 08561 -. 1- -. 11781 -. 16318 -. 16081 
-. 21m2 -. !uEs 
-.!M48 -. mm3 -. m 4  
-Zw30 -. m16 -. 30687 
-. 32788 -.aim 
/-o 
-0.00258 -. om1 
-. 047e8 -. m -. QB76 
-.Ice&@ -. lP40 -. 13888 -. 15632 
-. lm6 -. 17978 -. lsps -. 19443 
-. 208)3 -. 11440 -. 21888 
-.Plea -. PSI9 
-. 29069 -. 28466 -. ps67 
-.u226 -. 24677 -. 2486a -. m -. 25722 -. 2Ea.z -. 28425 
-.mm -. 28850 -. 27cm -. !ax9 -. 28748 -. 28suI -. 28016 -. W W  -.m 
-.HI66 




4o0260 -. OOBBg -. m176 -. m -. (15112 -. OBIgg -. m 
--.09Iop -. Icme -. 11886 
-. 1 m  -. Ia.523 -. 14178 -_ llsbd -. 154s -. 16144 -. 1m -. 17061 -. 376% -. 18109 
-. 18831 -_ 19149 -. 10861 
-. !m%5 -. 21205 -. 21866 
-.pT16 -.mu -. 24435 
-. 25831 -. 2BBu) -. 27m -. m o  -. a l l 3  
--.31151 
-. a s 3  -. all7 -. 3089 -. 34m 
-. m -. aBg78 -. 374% -. 88281 -. 88008 
-_ mm 
a m  
.m - 01588 
.09101 
.04m .m 
. m e  .m 
.@€a 
.lo112 
.I1348 .urn .lam . lm 





























-. m1BB -. m3l -. 06347 -. m -. m€3 -. 08161 -. 1m -. 12167 
-. -0.OQ218 -. oogn -. o1m -_ (abB0 -. ax55 -. 06(28 -. 0743 -. wfa -. m1 -. 10646 
-. 11681 -. 121m -. 12816 -. 1 3 m  -. 13628 -_ l 4 l p  -. 14612 -. 1m -_ 16180 -. 1m 
-. 16944 -. 16312 -. 16658 -. lm -. 1m -. 17730 -. 18237 -. 1 m  -. 1m51 -. 1m25 
-. Zlxb9 -. 2 1 m  -_ 21807 -. 2262a -. a100 -. 23841 -. W U  
-. t6050 -. 3M69 
-. 2EBso -. 26203 -. 20s1 -. 2Rp35 -. m l 7  
-. p 1 9  
4 m 7  -. m.54 -. (12025 -. am4 -. 04m -. OM02 -. 06052 -. w5.M -. m -. m 
-. 08088 -. (16183 -. a3416 -. oBM7 -. OBBm -. a3745 -. 08811 -. (18833 -. (18861 -. ma1 
-. Em4 -. (1Bgn -. -9 
-.08811 -. rn -. aBB -. am6 -. a5427 -. 08314 -. m 
-. 07573 -. ma5 -. 06578 -. 0 5 m  -. m -. 01701 -. Um.5 -. a3268 -. OH85 
-.01711 
-. OOBog -. ooa88 .m 
.01m 
.(m82 







. I  .m 
.8 















L P  
L2.6 












L m  
-. 13698 -. 1819 -. 16w -. lrn -. 1m -. 17281 -. 1m -. L8838 -. 1w -. 1- 
-. m 
--.21391 -. pmg 
--.22816 -. sz2a 
-.MU -. 25058 -. 26605 -.mn 
-. 28858 
--.a118 -. 3lm -. a!24 -. s4433 -. W16 -. 3n63 -. 38458 -. 337m -. UOl4 
-. 42m -. 4ws -. 44573 
- . 4 m  
-.46776 
- a i m  -. sa47 -. 31869 -. 3682R 
-. 37823 -. 3844s -. m -. 4M.m 
-.41168 -. 42346 
-. mm 
-. 18167 -. OmeJ -. 15761 -. 14146 -. m1 -. 1 m  -. 07m 
-.01Bn -. 01400 .m 
-. w -. 4m3 
-.4alll -. 42231 -. m0.s a -. Mm.5 -. aTo00 -. 1m . la48 
.m 
.lo871 . lepa 
.m 
. m 7  
I 





--.01m -. onel -. 01132 -. 08691 -. am4 -. m -. 11660 -. 13621 -. 15916 
-. 16464 -. 19841 -. 21286 -. ps2B -. 24449 -. 28168 -. 27966 -. 28717 -. 3Mn -. 31801 
-. 338(111 -. 3637 -. arm -. 38261 -. 41328 -. 67638 -. 4 m  -. w868 -. E3602 
-_ 61288 





-am -. 01007 -. m -. 01119 -. D8M9 -- m -. 09646 -. 11476 -. 13.511 -. 16774 
-. 1m -. 19852 -. 21088 -. peos -. m -. wQo3 -. rn -. 28L16 -. 28986 -. 31m 
-. 2331 
--.35128 -. 37024 -. swm 
-.41W -. 4377 -. 4 m  -. 60886 -. ass5 -. 62176 
-. 72450 -. m5a 
-L M I 7  
-L 36976 
-2 61668 - - - - - _ _  - - - - -- - - - 
- - - - - - - - 
-0.00251 -. 01013 -. 02318 -. 042a3 -. 08160 -. oBso9 -. 1- 
-.J= -_ I4216 -. lea57 
-. 1- -. m322 -. 22x4 -. 235?4 -. 25652 
-. 2aim -. a 7  -. 31624 -. 53261 
-. 34668 
-.36138 -. 3sw2 -. 40432 -. m -. w 7  
-_ 4 m  -. m -. mzE3 -. b8632 
-. 66138 -. w 
--.81282 
-.88917 -. gga#) 
-L wB4 
-L 18708 








-I. n m  
...~ ~  
- . m 9  -.m 
-.W - . W 6  
-.I3281 -.I3149 







- - .?a6  --.ma 
- . m 7  -.w 
- . m 1  -.2747!a 






















ON THE FLOW O F  A COMPRESSIBLE FLUID BY T H E  H O D O G W H  METHO+II 
TABLE 6.-THE FUNCTIONS g b  FOR SEVERAL VALUES O F  THE IKDEX I;-Concludcd 





- . W 6  
-.41P1 
-.43108 










- . m 4  


























- . 4 W  
--.43466 













- l . m  
- L l m  
-1.31268 
- L W  
-l.m 
-.w 
- . m o  
-Loo781 
- 1 . m  
-1.17264 




- 2 w  
-223576 
-233742 
- 1 . w  










- 1 . W 8  
-1.14010 
-1.17BP 
- L n m  
M - 































L M  




L a ,  
L86 
1 8 0  
L96 
200 
L m  
- 








-.1m -.11m t--.am14 --.I= u-1 -0.m -. 01026 -. 023-73 -.013n -. 07l41 -. BBB(0 -. 1m -. 12941 -. 1w -. 18018 o4.l - a m 4 7  -. 00869 -. WO78 -. a3662 -. (UBOB -. otp?6 -. m -. 10138 -. l?.m -. 14646 
-. 17436 -. 1 m  -. p686 -. 22280 -. 24076 -. 25w -. 27677 -. m -. am4 -. 31854 
-. 33816 
-. 3ma -. m -. 2Sl6  -. 40187 -. 4m -. 4 6 m  -. 4ned -. 49EeJ3 -. MOl6 
-. E8462 -. 62764 -. mr32 -. 71038 -. 7 4 m  -. 78888 -. frm4 -. ebml -. 88166 -. 91807 




a m  
.m 
.01788 . a3101 .cum .m 





. 1 m  
. 1 m  
. 1 m 1  
.14el!a 
.1m 
. 1 m  





. 1 w  
.m . mQ17 
.m 
. m o  
.262ea . B713 
.mm 








. 4 m  
Fa.¶ 
-a OOUQ -. a1883 
-. 01166 -. m -. (u680 -. 06843 
-. m -. 06288 
- . 1 m  -. 1 m  
-. lb376 -. 1m 
- . l a  -. 19764 -. n472 -. zMB2 -. 26148 -. 2Wn -. 27524 -. 2918 
-. mS.5 -. rn -. a4328 -. m01 -. 31882 -. m -. 424m -. 461@3 -. 4ma -. 61282 
-. a s s  -. f&w -. 634% -. m 9  -. 7- -. 73377 -. 76128 -. 78585 -. 8oi37 
- _ _  _ _  - - - 
d O Q s 0  -. OOBgz -. m -. clw3 -. 06730 -. m -. 07670 -. 08883 -. @a480 -. 1011s 
-. 114m 
-.la28 -. 1 m  -. 13x3 
-a 0~60 -. 01001 -. azzsl -. OLmO -. 06306 -. 07650 -. 08193 
-. l& -. in40  
-. min  
--.24me 
-. 1m 
-. n487 -. m -. 242m 
-. mB2 -. m m  
-. a001 -. 22618 
--.24225 -. 26m9 -. mn -. 28$n 
-.314bB -. 32!276 -. 2379 -. 35624 
-. 37212 -. 3 m O  -. 4u7ccJ -. 42518 -. U3BB -. 48m -. 48168 -. 62134 -. MlBB -. 6tBW 
-. e4811 -. 704l2 -. 70176 -. rn -. 88119 -. WBa 
-1. WSl6 
-L w 4  
-L 1 m  
-1. leBBa 
-. i r s n  
.~ -. 11859 -. 16137 -. 17839 -. 18305 
-. 21346 
-. m -. 24947 -. m -. 28008 -. S l l 8  -. m -. m -. m 7  -. 42547 -. 48211 





-.73408 I -.nm 
. -. 71973 -. 7 m  
-. m 

























.Ea le  
0.86748 
.85862 









. m 1  . m74 . i6016 
.74617 
.74047 




. m 1 2  





. m 1 e  
.m1 












. Q l m  
. m e  











. m m  
0.86761 . mll 
.m 













.m . ma3 
.m .m .m 
.76431 
. 7 m  . i4m . m 1 2  
.m26 




. 7 m  
. 7 w  
. 7 m  .m .m 
.8 .84m 
.826 .e3744 
.676 .81m .o .Elmi .m .mm 
.96 . 7 m  
.90 .nm 









.me42 . 7 m  
.m . 7 w  .m .72880 




0.86748 a99SM 0.86748 
.86892 .m18 .WW7 
.m . m a 8  .w 
.B3483 .Q4448 .'E341 
.KVX .E3430 .QlW .w .92am .m 
.BE671 .QlZE3 .8p366 
.E6748 .@I180 .m .mu2 .R(m 





















.64l76 . ai68 
.8p387 
.sum 
. a 9  
.m 
.sz.m 
am50 . m1e 
.Q7a 
. W I  
. w 1  




















. m 7  
-91785 
-80617 . 80111 
. m m  
.Ea561 



























. M a 6  
.E374 .w 
. ma, 
.w . E8801 
.81148 .mol .ma .m 
.e6406 .m .w 
.am 
.m 
.E823 . iA248 
. 7 4 m  .ma 




.84700 . Em44 . ma . s 1 m  .m .ma 
.m 
. 7 m  . 7meo 






. g3246 . E2741 
.gzm 
. w m  
. Rlrn .m 
.7Q421 
.7pl2l 
. 7 m  
.7Wll 
.74m . m36 .m 
-71101 
.81W .m 
.76468 . m62 
. 7 m  
.744m .m 








.Em03 .m .m . 7 m  
.80122 .7M16 
.7mm .74l88 
